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Abstract
Let k be a knot in S3. There is an epimorphism from 1(S3 − k) onto a free product of two nontrivial
cyclic groups sending a meridian to an element of length two i3 k has property Q (Topology of Manifolds,
Markham, Chicago, IL, 1970, pp. 195–199) that is, if there is a closed surface F in S3 containing k, such
that k is imprimitive in H1(X ) and in H1(Y ) where X and Y are the closures of the components of S3 − F .
We give answers to questions of Simon (1970) about properties Q, Q∗ and Q∗∗. Epimorphisms from knot
groups onto torus knot groups are also studied and some results on property P and surgery are included.
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1. Introduction
In [8], to prove a generalization of a conjecture of Riley, the authors studied the homology of the
unbranched and branched covers associated to transitive representations of the form
1(S3 − k) Za ∗ Zb !→ S;
where k is a knot, S is the symmetric group on  symbols and the image under  of a meridian of
the knot k has length two. It is natural then to ask: For which knots (S3; k) is there an epimorphism
 from 1(S3 − k) onto a free product of nontrivial cyclic groups sending a meridian to an element
of length two?
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In the present paper we show (see Theorem 16) that these knots are precisely the knots that have
property Q (deDned by Simon in [32]). A knot has property Q if there is a closed surface F in S3
containing k, such that k represents an imprimitive element of H1(X ) and H1(Y ) where X and Y
are the closures of the components of S3 − F ; (an element of Zg is imprimitive if it is of the form
nx with n¿ 1 and x∈Zg − {0}). The examples with F of genus one are the torus knots and the
(p; q)-cables with p¿ 1.
Denoting by Ek the exterior of a knot k we say that a surface F , properly embedded in Ek , is
1-splitting (resp. H1-splitting) if Ek=F is the one point union of two closed subspaces with nontriv-
ial 1 (resp. H1) (see the precise deDnitions in Section 3). Having oriented S3, the @-slope of F is
the element of Q ∪ {∞} associated to an essential component of @F in the usual way (see Section
2). We refer to such an element as a 1-splitting slope (or H1-splitting slope) of k. The essen-
tial component of @F and its isotopy class will also be called a 1-splitting (or H1-splitting) slope
of k.
We show (see Theorem 16) that k has an H1-splitting surface i3 there is an epimorphism from
1(S3 − k) onto Za ∗ Zb for some b¿a¿ 1. Also (see Theorem 12) Ek has a 1-splitting surface
i3 there is an epimorphism from 1(S3 − k) onto A ∗ B (A 	= 1; B 	= 1).
In relation with the study of epimorphisms of knot groups we show that there is a meridian-
preserving epimorphism from 1(S3 − k) onto the group of the torus knot a;b i3 there is an
epimorphism 1(S3 − k)  Za ∗ Zb sending a meridian to an element of length two. Thus k
has property Q i3 there is a meridian-preserving epimorphism from 1(S3 − k) onto the group
of a torus knot. As a consequence, a necessary condition for a knot k to have property Q is
that its Alexander polynomial be divisible by a torus-knot polynomial (see [4, exercise 9,
Chapter VII]).
Thus the answer to Simon’s 1970 question “Does any knot have property Q?” is negative as
Simon expected. He also deDned properties Q∗ and Q∗∗ (see the deDnitions in Section 3). We show
that Q does not imply Q∗ and Q∗∗ does not imply Q as expected by Simon again [32]. In fact the
only relation between these properties is that Q∗ implies Q.
In Section 5 we give a condition on a regular projection of a knot k on the plane that implies
that k has property Q (or Q∗). A 2-bridge knot has such a projection i3 it has property Q (cf. [9]).
We also exhibit a class of Montesinos knots that have such a projection. In addition, with the help
of Proposition 23, we give a negative answer to a question of Reid et al. [29].
Recall that k has property P if every nontrivial surgery on k yields a nonsimply-connected
manifold. We prove that if Ek admits a 1-splitting surface with @-slope greater than 4
then k has property P (see Theorem 27); in particular if Ek has an H1-splitting surface with
nonzero @-slope then k has property P (Corollary 28). One can notice that if k has property Q∗
or Q∗∗ then Ek has a 1-splitting surface with @-slope greater than 4, so this result generalizes
[32].
A circle  in @Ek is called a cyclic (resp. Dnite) slope of k if 1(Ek)=〈〈〉〉 is cyclic (resp. Dnite)
where 〈〈〉〉 denotes normal closure. We show that the distance (intersection number) between a
1-splitting slope and a cyclic (resp. Dnite) slope of k is in the interval [1; 3] (resp. [1; 4]) (see
Section 6).
In a di3erent vein we show, using [24], that if k1 and k2 are nontrivial knots, or if k1 has property
P then any band-sum k1#
b
k2 has property P.
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2. Notation and denitions
A surface will be a connected 2-manifold.
The 3-sphere S3 is endowed with a Dxed orientation. If k is a knot in S3, Ek will denote the exterior
of k, that is, the closure of the complement of a tubular neighborhood of k; it has the orientation
induced by the orientation of S3 which in turn induces an orientation in @Ek . A meridian-longitude
pair {; } for a knot k are always chosen so that  · = 1.
We denote by (k; (p=q)) the closed 3-manifold obtained by (p=q)-surgery on the knot k of S3.
Its fundamental group is isomorphic to 1Ek=〈〈pq〉〉.
A curve will always be simple and closed, that is, homeomorphic to S1.
If p and q are integers, (p; q) will denote the greatest common divisor of p and q. We will
denote by [x] the greatest integer that does not exceed x.
By a free product we will mean a free product of two nontrivial groups; the length of an element
w in such a free product will be denoted by |w|.
Denition 1. Let k be a knot in S3. An epimorphism from 1(S3 − k) onto PSL(2;A), with A= Z
or Zp, is parabolic if the image of a meridian is represented by a matrix of trace 2.
If A= Z and we identify PSL(2;Z) with Z2 ∗ Z3, an epimorphism from 1(S3 − k) onto Z2 ∗ Z3
is parabolic i3 the image of some meridian has length two.
Denition 2. Let F be a compact surface, properly imbedded in the exterior of a knot k in S3.
Assume that at least one component of @F is essential in @Ek . The @-slope of F is (p=q) if any
essential component of @F , in @Ek , represents p+ q∈H1(@Ek) where  and  are represented by
a meridian and longitude with  · = 1. We will write @- slope(F) = p=q.
Denition 3. Let ’ : 1(S3 − k)→ G be a homomorphism such that ’(P) ≈ Z, where P = 〈; 〉 ≈
Z2 is a peripheral subgroup of 1(S3 − k) with  a meridian and  a longitude. Then we say
that the @-slope of ’ is (p=q), with (p; q) = 1, if ker(’ |P) is generated by pq. We will write
@-slope(’) = p=q.
Notice that ker’ contains a longitude if and only if the @-slope of’ is 0.
3. Splitting surfaces
We Drst prove some lemmas related to the @-slope of homomorphisms.
Lemma 4. Let ’ : 1(S3−k)→ A∗B be a homomorphism such that 〈〈im’〉〉 ≈ A∗B or 〈〈im’〉〉 ≈
Z. Then im’ is either a free product or in;nite cyclic, and the @-slope of ’ is de;ned. If A= Za
and B= Zb then im’ ≈ Za ∗ Zb or im’ ≈ Z, and the @-slope of ’ is an integral multiple of ab.
Proof. If 〈〈im’〉〉 ≈ Z then im’ ≈ Z and ker ’ contains a longitude which implies that the @-slope
of ’ is zero.
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We may assume then that 〈〈im’〉〉 ≈ A ∗ B. By Kurosh’s theorem (see [25, Theorem III.3.7]),
im’ is a free product or Z, since a conjugate of a subgroup of A or B does not normally generate
A ∗ B. If im’=C ∗D, then the abelian subgroup ’(P) of C ∗D, where P is a peripheral subgroup
of 1(S3 − k), normally generates C ∗ D and therefore by Kurosh’s theorem ’(P) ≈ Z.
If A = Za, B = Zb then (a; b) = 1 and, by Kurosh’s theorem, im’ is a free product of cyclic
groups which are either inDnite or conjugates of subgroups of A or B. Howie [20], has proved that
a free product of more than two cyclic groups cannot be normally generated by one element. Since
im’ is normally generated by the image of a meridian of 1(S3−k) and has cyclic abelianization it
follows that im’ ≈ Z, case in which @-slope(’)=0, or im’=C ∗D where C and D are conjugates
of subgroups of Za and or Zb. Since the natural projection of Za ∗Zb onto Za (resp. Zb) must send
C ∗D onto Za (resp. Zb), it follows that one can take C to be a conjugate of Za and D a conjugate
of Zb. Thus im’ ≈ Za ∗ Zb.
Let ’ be the epimorphism from 1(S3− k) onto C ∗D, which we identify with Za ∗Zb, described
above. Then ker(’ |P) = 〈pq〉 where P = 〈; 〉. We have ’() = wq where w = ’(rs) with
qr − ps= 1. Since  normally generates 1(S3 − k), 〈〈wq〉〉= Za ∗ Zb which implies |q|= 1 by [1].
Now if  is the epimorphism ’ followed by abelianization
1(S3 − k)  →Za ⊕ Zb = Zab
then  () is a generator of Zab and 0 =  (pq) = p () and so ab divides p. Hence slope
(’) = p=q=±p is a multiple of ab.
Lemma 5. If ’ : 1(S3 − k) → G1 and  :G1 → G2 are such that the @-slope of ’ and  ’ are
de;ned, then they are equal.
Proof. This is a consequence of the fact that the epimorphism  from the inDnite cyclic group ’(P)
onto the inDnite cyclic group  ’(P) is an isomorphism.
Denition 6. Let E3 be a compact connected 3-manifold. A surface F in E3 is H1-splitting (resp.
1-splitting) if it is a properly embedded, compact, separating surface such that H1(X=F) and H1(Y=F)
(resp. 1(X=F) and 1(Y=F)) are nontrivial where X and Y are the closures of the components of
E3 − F .
Denition 7. A compact connected 3-manifold is H1-splittable (resp. 1-splittable) if it contains an
H1-splitting (resp. a 1-splitting) surface.
The simplest examples of 1-splitting surfaces F in a knot exterior are annuli embedded in the
exterior of a torus knot or (p; q)-cable; they are H1-splitting if p¿ 1. It is a conjecture that these
are the only examples, in a knot exterior, where F has genus zero; this is related to the cabling
conjecture (see [12,14]).
Clearly H1-splitting surfaces are 1-splitting. Also a 1-splitting surface, in a knot exterior, has at
least one boundary component that is essential in @Ek because otherwise we would have
1(X=F) ≈ 1(X=@X ) ≈ 1(S3=S3 − X ) = 1;
where X is the closure of the component of Ek−F whose intersection with @Ek is a (possible empty)
disjoint union of surfaces of genus zero. Hence the @-slope of a 1-splitting surface is deDned.
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By abuse of notation we denote by 1X ∗
1F
1Y the colimit of the diagram
even if the homomorphisms in it are not injective. Using Van Kampen’s theorem for Z = X and
Z = Y one sees that the homomorphism 1(Z)→ 1(Z=F) induced by the identiDcation map is onto
and has as kernel the normal closure of the image of i∗ : 1F → 1Z ; also H1(Z=F) and H1(Z; F)
are canonically isomorphic.
If F is a 1-splitting surface in the knot exterior Ek , then the composition
1Ek = 1X ∗
1F
1Y  1(X=F) ∗ 1(Y=F)
H1(X; F) ∗ H1(Y; F) H1(X; F)⊕ H1(Y; F) (∗)
factors through the inDnite cyclic group H1Ek and therefore H1(X; F) and H1(Y; F) are cyclic of
orders a and b, say, and (a; b) = 1. If F is H1-splitting then a¿ 1, b¿ 1; in this situation we say
that F is an {a; b}-splitting surface.
Proposition 8. The @-slope of an {a; b}-splitting surface is an integral multiple of ab.
Proof. Let
’ : 1Ek → H1(X; F) ∗ H1(Y; F) = Za ∗ Zb
be the epimorphism described above. We have @-slope(F) = @-slope(’). The Proposition follows
from Lemma 4.
Remark 1. It follows that the @-slope of an H1-splitting surface in a knot exterior is 0 or an integer
which is not a prime power and therefore if it is not 0 has absolute value greater than 5.
Next we will need two lemmas on a well known technique, surgery on a map.
Let ! be the Drst inDnite ordinal.
Denition 9. If F is a compact orientable surface of genus g with d boundary components, we
deDne c(F), the complexity of F , as d!+2g+2d− 1 if F is not the 2-sphere, and as ! if F ≈ S2.
If S is a compact orientable 2-manifold we deDne the complexity c(S) of S by c(S) =
∑m
i=1 c(Fi)
where F1; : : : ; Fm are the components of S.
The important property of c is that c(S ′)¡c(S) in any of the following situations:
(i) S ′ is a union of components of S with S ′ 	= S.
(ii) S ′ is obtained from S by replacing an annulus by two disks.
(iii) S ′ is obtained from S by pasting two boundary components of S.
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In the situation of Lemmas 10 and 11 this will enable us to construct an incompressible 2-manifold
S in a knot exterior with a minimum of boundary components..
Lemma 10. Let k be a knot in S3 and let ’ : 1(S3− k) A ∗B be an epimorphism with A and B
nontrivial and @-slope s. Then there is a compact, orientable, incompressible surface F in Ek , with
@-slope s, which is either 1-splitting or nonseparating with 1(Ek=F) 	= Z.
Lemma 11. Let k be a knot in S3 and let ’ : 1(Ek) Za ∗Zb be an epimorphism with 1¡a¡b,
@-slope s and |’()|=2n. Then there is an incompressible H1-splitting surface F in Ek , with @-slope
s and 0¡ |@F |6 2n.
Proofs. Choose aspherical complexes L and M with 1(L) ≈ A and 1(M) ≈ B. Join a point of L
to a point of M by a 1-simplex  to form a complex K = L ∪  ∪M . Let x0 be a point in int .
Note that 1(K) ≈ A ∗ B and K is aspherical. Then we can construct a map f :Ek → K such that
f∗ : 1Ek → 1K is ’. We may assume that each component of the 2-manifold f−1(x0) is a 2-sided
surface in Ek . Among such f choose one such that c(f−1(x0)) is minimal; this implies that each
component of f−1(x0) is incompressible (see the proof in [17, Lemma 6.5] and [31, Lemma 2.6]).
Notice that f−1(x0) 	= ∅ and that the @-slope of any component of f−1(x0) is the @-slope of ’.
Suppose Drst that one of the components, F , of f−1(x0) is nonseparating. Then, factoring f
through Ek=F one sees that 1(Ek=F) 	= Z since there are no epimorphisms from Z onto A ∗ B. We
can therefore assume that all the components are separating.
Let F be any component of f−1(x0). Let X and Y be the closures of the components of Ek − F .
DeDne a map g :Ek → K to be equal to f on the complement of a small regular neighborhood X ′
of X and such that g(X ′) ⊂  − {x0}.
If 1(X=F) is trivial then g∗=’ and g−1(x0) ⊂ f−1(x0)−F contradicting our minimality assump-
tion. Hence 1(X=F) is not trivial and, similarly, 1(Y=F) is not trivial. Thus F is an incompressible
1-splitting surface.
This proves Lemma 10.
To prove Lemma 11 notice that any component F of f−1(x0) is separating, because if F is a
nonseparating component of f−1(x0) then 1(X=F) ≈ Z ∗ P with P perfect and the epimorphism f∗
factors through 1(X=F) which is impossible since any homomorphism from Z ∗ P into Za ∗ Zb has
cyclic image.
Let F be any component of f−1(x0). Let X , Y , X ′ and g be as above. Suppose that H1(X; F)=0.
Since 1(X=F) is perfect so is 1X ′=〈〈im 1@X ′〉〉. As (f|@X ′)∗ is trivial so is (f|X ′)∗ since the
only perfect subgroup of Za ∗ Zb is trivial. Then g∗ = ’ and g−1(x0) ⊂ f−1(x0) − F contradicting
our minimality assumption. Hence H1(X; F) 	= 0 and, similarly, H1(Y; F) 	= 0. Therefore F is an
incompressible H1-splitting surface.
We will show that |@f−1(x0)|= 2n.
If |@f−1(x0)| = 2m then the meridian  of @Ek can be written as  = 12 : : : 2m where the i
are paths with endpoints in @f−1(x0) and interior points not in @f−1(x0). Denoting the closure of
the components of K − {x0} by L0 and M0 we can assume that the image of i under f is a loop
i in L0 (resp. M0) based on x0 if i is odd (resp. even). Let Ai be the closure of the component of
@Ek − @f−1(x0) containing i. If i is trivial one can deDne a map g :Ek → K to be equal to f on
the complement of a small regular neighborhood A′i of the annulus Ai and (g|A′i)−1(x0) an annulus
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properly embedded in A′i−@Ek and so g−1(x0) is a 2-submanifold with |@g−1(x0)|= |@f−1(x0)|−2 so
that c(g−1(x0))¡c(f−1(x0)); also g∗=f∗=’. This contradicts that c(f−1(x0)) is minimal. Hence
i is nontrivial for i = 1; : : : ; 2m, f∗()(=’()) has length 2n and therefore m = n. Therefore any
component F of f−1(x0) satisDes the conclusion of the lemma.
Theorem 12. Let k be a knot in S3. The following are equivalent.
(1) There is an epimorphism ’ : 1(S3 − k) A ∗ B with A and B nontrivial, with @-slope s.
(2) There is a 1-splitting surface in Ek , with @-slope s.
(3) There is a compact, orientable, incompressible surface F in Ek , with @-slope s, which is either
1-splitting or nonseparating with 1(Ek=F) 	= Z.
It can be conjectured that the second possibility in (3) does not arise:
Conjecture 13. (Z) If F is a compact orientable nonseparating surface properly embedded in the
knot exterior E then 1(E=F) ≈ Z.
One can show that this conjecture is equivalent to Kervaire’s conjecture stating that if G is a
nontrivial group then Z ∗ G cannot be normally generated by one element [21], [22, Problem 5.7],
[11].
Proof. (1)⇒ (3): This is Lemma 10.
(3) ⇒ (2): It suTces to show that if F is a nonseparating surface in Ek with @-slope s and
1(Ek=F) 	= Z then there is a separating surface F ′ in Ek with @-slope s such that 1(X=F ′) ≈ Z and
1(Y=F ′) 	= 1 where X and Y are the closures of the components of Ek − F ′.
Let F × [− 1; 1] be a regular neighborhood of F in Ek with
(F × [− 1; 1]) ∩ @Ek = (@F)× [− 1; 1]
and let D × [− 1; 1], the product of a 2-disk D with a closed interval, be such that D × (−1; 1) ⊂
Ek − F × [− 1; 1] and D × {i} ⊂ F × {i}, i =−1; 1. Let
F ′ = ((F − D)× {−1; 1}) ∪ ((@D)× [− 1; 1]):
Let P be the fundamental group of the quotient space obtained from
Ek − F × (−1; 1)
by collapsing F×{1} to a point and F×{−1} to another point, that is, the two-point compactiDcation
of Ek − F . We have 1(Ek=F) ≈ Z ∗ P so P must be nontrivial.
Taking X = (F × [ − 1; 1]) ∪ (D × [ − 1; 1]) and Y = Ek − X one sees that 1(X=F ′) ≈ Z and
1(Y=F ′) ≈ P.
(2)⇒ (1): One has the epimorphism
1Ek = 1X ∗
1F
1Y  1(X=F) ∗ 1(Y=F)
described above, whose @-slope is the same as the @ -slope of F .
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Theorem 14. Let k be a knot in S3. The following are equivalent.
(1) There is an epimorphism ’ : 1(S3 − k) Za ∗ Zb for some a¿ 1 and b¿ 1, with @-slope s.
(2) There is an H1-splitting surface in Ek , with @-slope s.
(3) There is an incompressible H1-splitting surface in Ek , with @-slope s.
Proof. (1)⇒ (3): This follows from Lemma 11.
(3)⇒ (2): Obvious.
(2)⇒ (1): One has the epimorphism
1Ek = 1X ∗
1F
1Y  1(X=F) ∗ 1(Y=F) H1(X=F) ∗ H1(Y=F)
described above, whose @-slope is the same as the @-slope of F .
In the following proposition we denote a meridian-longitude pair of a knot k by (k; k).
Theorem 15. Let a and b be relatively prime integers with a¿ 1 and b¿ 1, let  be the (a; b)-torus
knot and let k be a knot.
The following are equivalent:
(1) There is an epimorphism ’ : 1(S3 − k) Za ∗ Zb with @-slope s such that |’(k)|= 2.
(2) There is an epimorphism  : 1(S3 − k)  1(S3 − ) such that (k) is a meridian  and
(k) = 
(s=ab)
 where  is a longitude commuting with .
Proof. (2)⇒ (1): Consider the epimorphism 2 : 1(S3− ) Za ∗Zb whose kernel is the center of
1(S3 − ) and |2()|= 2. We have 2(ab ) = 1.
(1)⇒ (2): As shown in [15, Theorem 1.2] we have a pullback diagram
We have the epimorphism 3 : 1(S3 − k) Z and we may assume that 3= 4’. Then there is a
homomorphism  : 1(S3 − k) → 1(S3 − ) such that 2 = ’ and 5 = 3. By [10, Lemma 3]  is
surjective. Since the image of 2((k)) has length two and 5((k)) is a generator of Z, (k) is a
meridian .
Now ’(ksk) = 1 and 2(
ab
 ) = 1. Hence ’(k) = ’(k)
−s = 2()−s = 2(
(s=ab)
 ). Also 3(k) =
0 = 5((s=ab) ). Therefore (k) = 
(s=ab)
 .
Remark 2. Any epimorphism ’ : 1(S3 − )  Za ∗ Zb where  is a (p; q)-torus knot has @-slope
pq. This follows from Lemma 5 and the fact that ker ’ contains the center C of 1(S3− ), and so
’ factors through 1(S3 − ) (1(S3 − )=〈C〉) ∼= Zp ∗ Zq.
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4. Properties Q;Q* and Q**
In this section we will frequently deal with closed surfaces S in S3 containing a knot k with S−k
connected. Intersecting S with the exterior Ek of k we obtain a compact surface F with S − F an
annulus, two boundary components and integral @-slope. Conversely any compact orientable surface
F properly embedded in Ek is the intersection of a closed surface S with Ek and S − F an annulus,
provided that it has two boundary components and integral @-slope. If V and W are the closures of
the components of S3−S, X =V ∩Ek and Y =W ∩Ek then X=F (resp. Y=F) is a deformation retract
of V=(S − k) (resp. W=(S − k)).
Let (S3; k) be a knot with exterior Ek . The knot k has property Q if it is contained in a closed
surface S in S3 such that S − k is connected and, if V and W are the closures of the components
of S3 − S, H1(V=(S − k)) and H1(W=(S − k)) are nontrivial; if S can be chosen so that the @-slope
of S ∩ Ek is nonzero then k is said to have property Q∗.
If in the deDnition of property Q we replace H1 by 1 and we require the absolute value of the
@-slope of S ∩ Ek to be greater than seven then we have the deDnition of property Q∗∗.
Notice that if F = Ek ∩ S then 1(V=(S − k)) = 1(X=F).
Remark 3. In the deDnition of property Q, the condition H1(V=(S−k)) 	= 0 (resp. H1(W=(S−k)) 	= 0)
can be replaced by the equivalent (and easier to verify) condition that k represents an imprimitive
element of the free Abelian group H1(V ) (resp. H1(W )). By an imprimitive element we mean a
nontrivial element of the form nx with n¿ 1 (See [33], [8, Sections 2 and 3], [2, Chapter VI,
Problem 3], [3, Chapter V, Theorem 16.30]).
The surface S in the deDnition of property Q is called a nontrivial interpolating surface for k (cf.
[28,33]). Notice that S is a nontrivial interpolating surface for k i3 S ∩ Ek is H1-splitting in Ek .
Remark 4. Torus knots have property Q∗.
Remark 5. In the deDnition of property Q∗, Simon actually requires the @-slope s of S ∩ Ek to be
greater than two in absolute value, but this is equivalent to s 	= 0 by Remark 1.
Theorem 16. Let k be a knot in S3. Then k has property Q i? any of the following conditions is
satis;ed:
(1) There is an epimorphism ’ : 1(S3 − k) Za ∗ Zb for some a¿ 1 and b¿ 1, such that ’()
has length 2.
(2) There is an H1-splitting surface F in Ek such that |@F |= 2.
(3) There is an incompressible H1-splitting surface F in Ek such that |@F |= 2.
(4) There is an epimorphism  : 1(S3 − k)  1(S3 − a;b), where a;b is a torus knot, sending
meridian to meridian.
Moreover k has property Q∗ i? any of the following conditions is satis;ed:
(1)∗ Assertion (1) holds with ’() 	= 1.
(2)∗ Assertion (2) holds with @-slope of F di?erent from zero.
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(3)∗ Assertion (3) holds with @-slope of F di?erent from zero.
(4)∗ Assertion (4) holds with () 	= 1.
Proof. (1)⇒ (3): This follows from Lemma 11.
Notice that if ’() 	= 1 then the @-slope of F is not 0, so (1)∗ ⇒ (3)∗.
(3)⇒ (2): This is obvious.
(2)⇒ (1): Since |@f−1(x0)|= 2 the epimorphism
1Ek  H1(X=F) ∗ H1(Y=F)
described before (∗, p. 5) sends  to an element of length 2 (it does not have length less than
2 since it normally generates H1(X=F) ∗ H1(Y=F)). Notice that if the @-slope of F is not 0 then
’() 	= 1, so (2)∗ ⇒ (1)∗.
(k has property Q) ⇒ (2): Let S be a nontrivial interpolating surface for k. Let N be a small
regular neighborhood of k such that N ∩ S is an annulus properly embedded in N . Let Ek = S3 − N
and F = S ∩ Ek . If V and W are the closures of the components of S3 − S, then 1(X=F) ≈
1(V=(S−k)), 1(Y=F) ≈ 1(W=(S−k)) and therefore H1(X=F) ≈ H1(V=(S−k)) 	= 0 and H1(Y=F) ≈
H1(W=(S− k)) 	= 0. Hence F is an H1-splitting surface. Notice that if k has property Q∗ then S can
be chosen so that the @-slope of F is not 0.
(2)⇒ (k has property Q). Since by Remark 1, the @-slope of F is integral we can adjoin to F
an annulus with meridian k properly embedded in S3 − Ek and with @F as boundary to obtain a
closed surface S in S3 containing k. Then, with the notation above H1(V=(S − k)) ≈ H1(X=F) 	= 0
and H1(W=(S − k)) ≈ H1(Y=F) 	= 0 and so k has property Q. Notice that if the @-slope of F is not
0 then k has property Q∗.
(4)⇔ (1) and (4)∗ ⇔ (1)∗ follow from Theorem 15.
We will denote by 9k the Alexander polynomial of a knot k.
Proposition 17. If ’ : 1(S3 − k) Za ∗ Zb is an epimorphism then ’ factors as
1(S3 − k) 1(S3 − a;b) Za ∗ Zb
and 9a; b divides 9k .
Proof. In [15, Example 2] the Drst assertion is proved. By [4, Chapter VII, Ex. 9] if there is an
epimorphism from the group of the knot k onto the group of a knot  then 9 divides 9k .
From Theorem 16, 3 we have:
Corollary 18. If a knot k has property Q then the Alexander polynomial of k is divisible by the
Alexander polynomial of a torus knot.
In [32] Simon asked:
(1) Do all knots have property Q?.
(2) Does property Q imply property Q∗?.
(3) Does property Q∗∗ imply property Q∗?.
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These questions have negative answers (as Simon expected).
Let us say that a knot k has property Qn (resp. Q∗∗n ) if there is a closed surface S containing k,
with S − k connected, such that H1(V=(S − k)) 	= 0, H1(W=(S − k)) 	= 0 (resp. 1(V=(S − k)) 	= 1,
1(W=(S − k)) 	= 1) and the absolute value of the @-slope of S ∩ Ek is ¿ n.
Remark 6. Clearly Q is the same as Q0; Qn+1 ⇒ Qn; Q1 ⇔ Q6(by Remark 1). Simon deDned Q∗
as Q3.
Similarly Q∗∗n+1 ⇒ Q∗∗n . Simon deDned Q∗∗ as Q∗∗8 ; this was the natural deDnition at the time
[33] was written; nowadays the natural deDnition would be Q∗∗=Q∗∗4 , because of [18,19] (with this
deDnition Q∗ would imply Q∗∗).
Remark 7. For knots whose group has rank two Q∗∗n ⇔ Qn, by Theorems 14, 12 and Grushko’s
Theorem (see [25]).
Suppose that k = k1#k2. Then we identify the group 1Ek with 1Ek1 ∗Z 1Ek2 where the amalga-
mating subgroup Z is generated by a meridian  (of k1, of k2 and of k). The longitude  of k that
commutes with  can be written as 12 where i is a longitude of ki that commutes with .
Lemma 19. Let k= k1#k2, let ’ : 1Ek  A∗B be an epimorphism and ’i=’|1Eki (i=1; 2). Then
@-slope (’), @-slope (’1) and @-slope (’2) are de;ned and
@-slope(’) = @-slope(’1) + @-slope(’2)
If A and B are both not perfect then @-slope (’i) is an integer (i = 1; 2).
Proof. Let Hi=’(1Eki) (i=1; 2). Then by Kurosh’s Theorem, Hi ≈ Z or Hi=K1 ∗ · · · ∗Kn (n¿ 1)
where each Kj is conjugate to a subgroup of A or B or is inDnite cyclic. As 〈〈Hi〉〉 = A ∗ B, Hi is
inDnite cyclic or a free product. In both cases @-slope(’i) is deDned.
As the subgroup of A ∗B generated by ’(); ’(1) and ’(2) has nontrivial center and normally
generates A ∗ B it follows, by Kurosh’s Theorem (see [25, Proposition 3.6]), that this subgroup is
inDnite cyclic; we identify it with the additive group Z.
Now, suppose ’(p1
q1
1 ) =’(
p2q22 ) =’(
p(12)q) = 0 with (p1; q1) = (p2; q2) = (p; q) = 1 and
we have q1q2q 	= 0. Writing x = ’(), y1 = ’(1) and y2 = ’(2) we have
p1x + q1y1 = 0;
p2x + q2y2 = 0;
px + qy2 + qy2 = 0:
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Hence
det


p1 q1 0
p2 0 q2
p q q

= pq1q2 − p1qq2 − p2qq1 = 0
that is, p=q= p1=q1 + p2=q2.
Suppose now that A and B are both not perfect. Then there exist epimorphisms  A :A  Za and
 B :B Zb where a and b are di3erent primes. Let  :A∗B Za∗Zb be the epimorphism  = A∗ B.
The image of  ’i generates normally Za ∗ Zb, and so, by Lemma 4, @-slope( ’i) is deDned and
it is an integer. Since, by Lemma 5, @-slope(’i) = @-slope( ’i), @-slope(’i) is an integer.
Lemma 20. Let H be a group normally generated by one element which is a subgroup of Za ∗Zb
containing st, where s is a generator of Za and t is a generator of Zb. Then H = Za ∗ Zb or H is
the in;nite cyclic group 〈st〉.
Proof. Since H is normally generated by one element it is either inDnite cyclic or a free product
of two Dnite cyclic groups, by [20, Proposition 3.6] and [20].
If H is inDnite cyclic then H = 〈st〉.
Assume now that H is not inDnite cyclic. A conjugate of H is generated by se1 and u−1te2u,
where u is either trivial or a reduced word sn1 tm1 : : : snr tmr . Therefore some conjugate of st is of
the form W (se1 ; u−1te2u) where W (x; y) is either xp1 or yq1 or xp1yq1 : : : xpkyqk with se1pi 	= 1 and
te2qi 	= 1 (i = 1; : : : ; k). If W (x; y) is either xp1 or yq1 then W (se1 ; u−1te2u) is not conjugate to st.
Hence W (x; y)= xp1yq1 : : : xpkyqk and, if u is not trivial, W (se1 ; u−1te2u) is a cyclically reduced word
in s and t of length at least four and therefore is not conjugate to st. Hence u=1, (a; e1)=(b; e2)=1
and so H = Za ∗ Zb.
Lemma 21. Let k = k1#k2, and let n be a nonnegative integer.
(i) If k1 has Q∗∗n (resp. Qn) then k has Q∗∗n (resp. Qn).
(ii) If k has Qn then k1 or k2 has Q[ n+12 ]
.
Proof. Take two copies S31 , S
3
2 of the oriented 3-sphere. Let F1 be an interpolating surface in S
3
1
for k1 and let A1 and B1 be the closures of the components of S31 − F1; write C1 = F1 − k1. Let F2
be a closed surface in S32 , containing k2, where F2 − k2 has two components which we denote by
C ′2 and C ′′2 . Let A2 and B2 be the closures of the components of S32 − F2.
We now take the connected sum (S3; F; k) of (S31 ; F1; k1) with (S
3
2 ; F2; k2). More precisely we take
balls B3i in S
3
i (i = 1; 2) such that Fi ∩ B3i is a 2-disk properly imbedded in B3i and ki ∩ @B3i is a
0-sphere. The orientation of S3i induces an orientation in B
3
i which in turns induces an orientation
in @B3i . Take an orientation reversing homeomorphism ’ of @B
3
1 onto @B
3
2 mapping F1 ∩ @B31 onto
F2∩@B32 and k1∩@B31 onto k2∩@B32. Write Xˆ=X−int B3i if X is a subspace of B3i . DeDne S3=Sˆ31∪’Sˆ32,
F = Fˆ1 ∪’ Fˆ2, k = kˆ1 ∪’ kˆ2, A= Aˆ1 ∪’ Aˆ2, B= Bˆ1 ∪’ Bˆ2, C = Cˆ1 ∪’ (Cˆ ′2 ∪ Cˆ ′′2 ).
We have S3 ⊃ F ⊃ k; A and B are the closures of the components of S3 − F . We also identify
F − k with C, which is connected.
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Now, the intersection of the subspaces Aˆ1 and Aˆ2 of A is 1-connected and so we can write
1(A) = 1(Aˆ1) ∗ 1(Aˆ2) = 1(A1) ∗ 1(A2):
Also, the subspaces Cˆ1, Cˆ ′2 and Cˆ ′′2 are such that Cˆ1∩Cˆ ′2 and Cˆ1∩Cˆ ′′2 are disjoint and 1-connected.
Therefore 1(A=C)=1(Aˆ1)∗1(Aˆ2)=N , where N is the normal closure of the elements represented
by loops in Cˆ1, Cˆ ′2 or Cˆ ′′2 . If in this group we kill 1(Aˆ2) we obtain as a quotient 1(Aˆ1=Cˆ1), which
is isomorphic to 1(A1=C1) and is therefore nontrivial. Hence 1(A=C) 	= 1. Similarly 1(B=C) 	= 1.
It is easy to see that @-slope(F2 ∩ Ek) = 0 and
@-slope(F ∩ Ek) = @-slope(F1 ∩ Ek) + @-slope(F2 ∩ Ek)
= @-slope(F1 ∩ Ek):
This proves assertion (i) for Q∗∗n .
The proof of assertion (i) for Qn is essentially the same except that one uses H1 instead of 1,
and ⊕ (direct sum) instead of ∗ (free product).
There is an epimorphism ’ from 1(Ek), which is 1(Ek1) ∗Z 1(Ek2), onto Za ∗ Zb (with a¿ 1
and b¿ 1), sending a meridian  to st, where s generates Za and t generates Zb.
Let ’i be the restriction of ’ to 1(Eki). Write Hi = im’i; since Hi is normally generated by
’i() it is either inDnite cyclic or Hi = Za ∗ Zb, by Lemma 20. Thus, if Hi 	= 〈st〉, ki has property
Q. Clearly Hi 	= 〈st〉 for i = 1 or i = 2, and so ki has property Q. Therefore (ii) holds for n= 0.
Suppose n¿ 0. Then, by Lemma 19, n6 |@-slope(’1)+@-slope(’2)|. If Hi=〈st〉 then @-slope(’i)=
0 and therefore k3−i has property Qn. If Hi 	= 〈st〉 for i=1 or i=2, we have |@-slope(’i)|¿ [ n+12 ]¿ 0
for some i, since @-slope(’i) are integers, and so ki has property Q[n+1=2].
In the following Dgure we represent schematically the classes of knots satisfying Q, Q∗ and Q∗∗.
We will show that the six indicated regions are nonempty and, therefore, the only relation between
properties Q, Q∗ and Q∗∗ is the implication Q∗ ⇒ Q.
(a) A knot k whose group has rank two with 9k not divisible by any torus knot polynomial 9
does not have Q and therefore, by Remark 7, does not have Q∗∗.
(b) If k is a knot whose group has rank two and has Q but does not have Q∗, then k, by Remark
7, does not have Q∗∗. An example of this is k=820 which has property Q (see Proposition 22). This
knot does not have property Q∗: Let S be a nontrivial interpolating surface for k. We can assume
that S ∩ Ek is incompressible in Ek (see Theorem 16.3). Since the only torus knot polynomial that
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divides 9k is 92; 3 , the @-slope of S ∩ Ek is a multiple of 2 × 3. By Hatcher and Oertal [16] the
@-slopes of incompressible surfaces of Ek are −10, 0 and 83 . Hence the @-slope of S ∩ Ek is zero.
(c) Any knot k whose group has rank two with property Q6 but not Q7, say 2;3, does not have
property Q∗∗.
(d) Let C be the (1; 8)-cable of a knot kˆ where no root of 9kˆ(t) is a root of unity. Then C has
property Q∗∗ (take S to be the obvious torus containing kˆ (one uses [4] here)). But C does not
have Q since 9C(t) = 9kˆ(t
8) is not divisible by a torus-knot polynomial.
(e) Let k = 820#C where C is the (1; 8)-cable of kˆ where no root of 9kˆ(t) is a root of unity.
Then 820 has property Q but not Q∗ (see b) and C has property Q∗∗ but not Q (see d). Then by
Lemma 21 k has properties Q and Q∗∗ but not Q∗.
(f) Any knot k whose group has rank two with property Qn, with n¿ 7, has property Q∗∗; for
example p;q with pq¿ 6.
We will list the prime knots with less than ten crossings that have property Q. (For composite
knots see Lemma 21).
We will need the following notation: For a prime p¿ 3 deDne
gp =
{
[p+112 ]− 1 if p ≡ 1mod 12
[p+112 ] otherwise;
dp =
p+ 1
c1c2
;
where
c1 =
{
1 if p ≡ 1 mod 4;
2 ifp ≡ −1 mod 4;
c2 =
{
1 if p ≡ 1 mod 3;
3 if p ≡ −1 mod 3
and [] denotes the greatest integer function.
Let B(X ) be the Drst Betti number of X and |TH1X | the order of the torsion group of H1X . Also
we view PSL(2;Zp) as a group of permutations of the projective line P1(Zp) = Zp ∪ {∞}.
Now by Theorem 16 and Proposition 17, if k has property Q and the only torus knot polynomial
that divides 9k is 92; 3 , then there is a parabolic epimorphism from 1(S
3−k) onto Z2∗Z3=PSL(2;Z)
and therefore, (composing with reduction modp), we have by [8] or [15]:
(∗∗) For any prime p¿ 3 there is a parabolic epimorphism
1(S3 − k) PSL(2;Zp)
whose corresponding unbranched and branched covers U and M satisfy:
(a) B(U )¿ 2gp + 2.
(b) |TH1M |6dp|TH1U |.
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Proposition 22. The (seventeen) prime knots with less than ten crossings that have property Q
are:
2;3, 2;9, 96, 923, 85, 810, 815, 818, 3;4, 820, 821, 916, 924, 928, 940, 2;5, 2;7.
Proof. By [30, pp. 609–610] the groups of the Drst 15 knots admit a parabolic epimorphism onto
PSL(2;Z), that is, an epimorphism onto Z2 ∗ Z3 sending a meridian to an element of length two,
and by Theorem 16, these knots have property Q; also by Remark 4, 2;5 and 2;7 have property Q.
(Riley claimed in [30] that the Drst 15 knots are the only prime knots with less than ten crossings
whose groups have a parabolic epimorphism onto PSL(2;Z); as he did not publish a proof of this
assertion we prove it below.)
Besides these 17 knots, the only prime knots with less than ten crossings whose Alexander poly-
nomial is divisible by a torus knot polynomial are 811, 929 and 938. If k is any of these three knots
the only torus knot polynomial that divides 9k is 92; 3 .
The knot 811 is the 1027 -two-bridge knot and using [9] one shows that it does not have property Q.
Using (∗∗) above we now show that 929 and 938 do not have property Q.
By Riley’s tables in [30], there is a unique (up to equivalence) parabolic epimorphism from
1(S3 − 938) onto PSL(2;Z5) and TH1U = Z2, TH1M = Z2 ⊕ Z6 and this violates the inequality
|TH1M |6d5|TH1U |= 2|TH1U |:
Hence 938 does not have property Q.
A program of Victor N'un˜ez, using GAP, has shown that there is a unique parabolic epimorphism
from 1(S3 − 929) onto PSL(2;Z31) and that H1U = Z2 ⊕ Z2 ⊕ Z997200; this violates the inequality
B(U )¿ 2g31 + 2 = 6. Hence 929 does not have property Q.
5. Examples
Consider S3 = R3 ∪ {∞}, the sphere A = {(x; y; 0)∈R3} ∪ {∞}, and the projection P :R3 →
A deDned by P(x; y; z) = (x; y; 0). Consider the torus of revolution Ti (i = 1; : : : ; g) generated by
rotating about the x-axis the circle, in A, with center (i; 1; 0) and radius 13 , and the annulus Ai ={(x; y; z)∈Ti : z¿ 0}. If P is a plane containing the x-axis (resp. perpendicular to the x-axis) then a
component of P ∩ Ai will be called a meridian (resp. comeridian) of Ai. The basic meridian (resp.
comeridian) is that containing the point (i + 13 ;−1; 0) and will be denoted by i (resp. 3i).
We deDne an annular braid in Ai to be an oriented compact 1-manifold  properly embedded in
Ai intersecting transversely each meridian and each comeridian of Ai and such that the y-coordinate
of every point of @ has absolute value greater than 1.
Notice that  is the union of n disjoint arcs each joining the two boundary components of Ai. We
say that  is a right hand twist if there is a subarc 4 of  joining a point in i with a point of 3i
and such that no point of 4 has x-coordinate equal to i − 13 ; otherwise we say that  is a left hand
twist.
We will associate to  an (n+1)-tuple (m; C1; : : : ; Cn) with m∈Z−{0} and |Cj|=1 for each j. The
absolute value of m is the cardinality of ∩ 3i; m is positive if  is a right hand twist and negative
otherwise. Let a1; : : : ; an be the intersection points of  with i, where, if  is a right hand (resp.
left hand) twist, the x-coordinate of aj is smaller (resp. greater) than that of aj+1 (j=1; : : : ; n− 1).
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If the oriented component of  containing aj begins in aj then Cj = 1; otherwise Cj = −1. If j¿n
then Cj is deDned as Ck where j ≡ k mod n and 16 k6 n.
We deDne the type of  to be (
∑n
j=1 Cj; (sgnm)
∑|m|
j=1 Cj).
In the following proposition when we write gcd(x1; : : : ; xn) = c it is understood that at least one
xi is nonzero.
Proposition 23. Let k be an oriented knot in S3 whose intersection with Ai, with the induced
orientation, is an annular braid i of type (pi; qi) (i = 1; : : : ; g). Suppose
k −
g⋃
i=1
i ⊂ A−
g⋃
i=1
P(Ai)
gcd(p1; : : : ; pg) = a¿ 1 and gcd(q1; : : : ; qg) = b¿ 1. Then k has property Q. In fact there is a
nontrivial interpolating surface F for k such that F ∩Ek is an {a; b}-splitting surface with @-slope∑g
i=1 piqi. In particular if
∑g
i=1 piqi 	= 0 then k has property Q∗.
Proof. Let U be the union of the components of A−⋃gi=1 @Ai that do not contain ∞. Let S =(A−
U ) ∪ (⋃gi=1 Ai), a closed surface of genus g containing k. Let X be the closure of the component
of S3− S containing points with negative z-coordinate and Y the closure of the other component of
S3 − S.
The free Abelian group H1X has a basis { V31; : : : ; V3g} where V3i is represented by 3i∪P(3i), and the
free Abelian group H1Y has a basis { V1; : : : ; Vg} where Vi is represented by i. Notice that, up to
sign, pi is the intersection number of k with i and qi is the intersection number of k with 3i∪P(3i).
Hence, if the orientations of i and 3i ∪P(3i) are adequately chosen k represents p1 V31 + · · ·+pg V3g
in H1X and it represents q1 V1 + · · ·+ qg Vg in H1Y . Since these are nonzero, S− k is connected. We
then have T (H1(X )=〈[k]〉) ≈ Za and T (H1(Y )=〈[k]〉) ≈ Zb. Using a version of Poincar'e duality one
has
TH1(X; S ∩ Ek) ≈ T (H1(X )=〈[k]〉)
TH1(Y; S ∩ Ek) ≈ T (H1(Y )=〈[k]〉)
(see [32,7,2,3]). As explained before Proposition 8 this implies that H1(X; S∩Ek) ≈ Za and H1(Y; S∩
Ek) ≈ Zb and so S ∩ Ek is an {a; b}-splitting surface. Hence k has property Q.
Now let k+ be a knot parallel to k contained in S oriented in such way that k+ and k are
homologous in a tubular neighborhood of k in S.
The projection of (k ∪ k+) ∩ Ai on A has the form indicated in Fig. 1.
If the (n + 1)-tuple associated to i is (m; C1; : : : Cn), there are precisely |m|n crossing points
of k+ over k, one for each pair (i; j) with 16 i6 n and 16 j6m. The sign of the (i; j)-
crossing is (sgnm)(CiCj) and therefore the contribution to lk(k; k+) in Ai is
∑
i; j (sgnm)(CiCj) =
(sgnm)
∑n
i=1 Ci
∑|m|
j=1 Cj = piqi. The contribution to lk(k; k
+) in A is zero. Hence lk(k; k+), the
@-slope of S ∩ Ek , is
∑g
i=1 piqi.
Remark 8. By Remark 2, in the situation of the previous proposition, k is not a torus knot if∑g
i=1 piqi = 0 .
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Fig. 1. Annular braid (4; 1;−1; 1) with parallel viewed from above.
Fig. 2. A two bridge knot.
As examples of knots satisfying the hypothesis of Proposition 23 we consider some two-bridge
and Montesinos knots.
Example 24. In Fig. 2 a two bridge knot K(4 ) is shown where
4
 has a continued fraction expansion
[dn1; 2n2; dn3; 2n4; : : : ; dnr] with n1; : : : ; nr ∈Z − {0}, r odd and d¿ 1. The annular braids are of
type (0; 0) and of types (2; dn1), (2; dn2); : : : ; (2; dnr); a = 2 and b is an odd multiple of d. The
intersection of the interpolating surface and the knot exterior has @-slope 2d
∑
i ni where i runs over
the odd indices. Since K(4 ) is connected,
∑
i ni is odd, 2d
∑
i ni 	= 0 and K(4 ) has property Q∗.
By Proposition 15 there is a meridian-preserving epimorphism from the group of K(4 ) to the group
of , the (2; d)-torus knot, sending a longitude of K(4 ) to 
∑
i ni
 where i runs over the odd indices
and  is a longitude of .
It is proved in [9] that these are the only two-bridge knots with property Q.
Example 25. A Montesinos knot K(n; 1p ;
1
dn1
; : : : ; 1dnr ) (Fig. 3 shows K(2;
1
2 ;
1
3 ;
1
−3)) has property Q
if n, p and r are even, r ¿ 0 and d¿ 1. With these numerical conditions the intersection of the
interpolating surface and the knot exterior has @-slope 2d
∑r
i=1 ni and there is a meridian-preserving
epimorphism from the group of K(n; 1p ;
1
dn1
; : : : ; 1dnr ) to the group of the (2; d)-torus knot sending a
longitude to 
∑
i ni
 .
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Fig. 3. The Montesinos knot K(2; 12 ;
1
3 ;
1
−3 ).
Examples of such Montesinos knots are 85=K(0; 12 ;
1
3 ;
1
3), 810=K(2;
1
−2 ;
1
3 ;
1
−3), 815=K(2;
1
2 ;
1
−3 ;
1
−3),
819=K(0; 1−2 ;
1
3 ;
1
3), 820=K(0;
1
2 ;
1
3 ;
1
−3), 821=K(2;
1
−2 ;
1
−3 ;
1
−3), 916=K(4;
1
−2 ;
1
3 ;
1
3), 924=K(2;
1
−2 ;
1
3 ;
1
−3),
928 = K(4; 1−2 ;
1
−3 ;
1
−3).
We will Dnish this section giving a negative answer to a question of Reid et al. [29, Question
1.5].
Example 26. Suppose that k is a knot satisfying the hypothesis of Proposition 23 with
∑g
i=1 piqi=0.
Then, by Proposition 23, Theorems 14 and 15, there is an epimorphism from 1(S3−k) onto 1(S3−
a;b) sending the longitude of k to 1. Therefore there is a map between aspherical spaces f : (k; 0)→
Ea; b inducing an epimorphism on fundamental groups. Hence, for any
r
s ∈Q, the composition
f : (k; 0)→ Ea; b ⊂
(
a;b;
r
s
)
induces an epimorphism 1(k; 0)  1(a;b; rs ) and has degree zero. Most of the time (see [13,
Corollary 7.4]), for example if rs = 0, (a;b;
r
s ) is aspherical.
(By Remark 2 the knots k in Example 26 are not torus knots; when are they hyperbolic?).
Reid et al. [29, Question 1.5] state the following question:
(∗ ∗ ∗) Let M and N be closed aspherical 3-manifolds such that the rank of 1(M) equals the
rank of 1(N ). Assume that ’ : 1(M) → 1(N ) is surjective or its image is a subgroup of Dnite
index. Does ’ determine a map f :M → N of nonzero degree?
They proved that (∗ ∗ ∗) has an aTrmative answer if M and N are Seifert manifolds.
If we take the knot k above to be the (n;−n; 2)-pretzel knot, with n odd, the rank of 1(S3 − k),
and therefore of 1(k; 0), is two. This shows that the question (∗ ∗ ∗) has a negative answer with
M = (k; 0) and N = (2; n; 0). We obtain other counterexamples, using Example 25, where k is a
Montesinos knot whose group has rank two (see [27,23]), for example 810 and 924.
We do not know examples where both M and N are hyperbolic.
6. Property P
Recall that a knot k has property P if 1(k;
p
q ) is nontrivial for every
p
q ∈Q.
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Theorem 27. Let k be a knot whose exterior has a 1-splitting surface F such that the abso-
lute value of the @-slope of F is not in the set A = {4; 3; 2; 1; 0; 52 ; 32 ; 12 ; 53 ; 43 ; 23 ; 13}. Then k has
property P.
Proof. Let r=s be the @-slope of F . By the cyclic surgery theorem (see [5]) it suTces to prove
that, if 1Ek=〈〈C〉〉 = 1 and C = ±1 then |r=s| ∈A. By Theorem 12 there is an epimorphism
’ : 1Ek  A ∗ B such that ’(rs) = 1. Then ’(xy) = wxs−yr where w is a suitable element of
A∗B. Hence A∗B=〈〈ws−Cr〉〉 and A∗B=〈〈ws〉〉 are homomorphic images of 1Ek=〈〈C〉〉 and 1Ek=〈〈〉〉
and are therefore trivial. By Howie [18,19], if A ∗ B=〈〈we〉〉 = 1 we must have 0¡ |e|¡ 4. Hence
0¡ |s− Cr|¡ 4 and 0¡ |s|¡ 4 which implies that | rs | ∈A.
Remark 9. If the conjecture that A ∗ B=〈〈we〉〉 	= 1 if e¿ 1 is true then the set A can be replaced
by {2; 0}.
Corollary 28. If Ek has an H1-splitting surface F with nonzero @-slope then k has property P.
Proof. By Remark 1 the absolute value of the @-slope of F is greater than 5 and therefore does not
belong to A.
Notice that if k has property Q∗ or property Q∗∗ then the hypothesis of Theorem 27 is satisDed
and therefore k has property P. Thus Theorem 27 may be viewed as a generalization of the result
of [32].
We Dnish this section exhibiting another family of knots that have property P.
Let k1 and k2 be two knots in S3 such that there is a 2-sphere S2 in S3 with k1 contained in one
of the components of S3−S2 and k2 contained in the other one. Let b= I × I be a band intersecting
k1 and k2 such that b∩ (k1 ∪ k2) = I × @I . The knot k1#
b
k2 is deDned as ((k1 ∪ k2)− I × @I)∪ @I × I .
If S2 ∩ b is an arc k1#
b
k2 is the usual connected sum k1#k2.
Theorem 29. If k1#k2 has property P then any band-sum k1#
b
k2 of k1 and k2 has property P.
Proof. Let q∈Z−{0}. Suppose 1(k1#
b
k2; 1q)= 1. By A. Thompson’s trick (see the proof of Claim
(a) in [34]) S1 × S1#(k1#k2; 1q) can be obtained by surgery on a knot in the 1-connected manifold
(k1#
b
k2; 1q) and therefore
1(S1 × S1#(k1#k2; 1q))
〈〈〉〉
∼=
Z ∗ 1(k1#k2; 1q)
〈〈〉〉 = 1
for some . Notice that 1(k1#k2; 1q) 	= 1. Write(
k1#k2;
1
q
)
= A1#A2# · · · #An; n¿ 1;
where A1; : : : ; An are irreducible and 1A1 	= 1. Since Z∗1(A1) is a homomorph of Z∗1(k1#k2; 1q) it
can be normally generated by one element. If 1A1 is Dnite this is impossible by [6]; if 1A is inDnite
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and therefore torsion free [17, Corollary 9.9], it is impossible by [24]. Hence 1(k1#
b
k2; 1q) 	= 1 and
k1#
b
k2 has property P.
Thus, if k1 and k2 are nontrivial or if k1 has property P then k1#
b
k2 has property P. We do not
know if k1#
b
k2 has property P when k1 and k2 are trivial.
7. Cyclic and nite surgeries
If C1 and C2 are classes of closed 3-manifolds which are in some sense exceptional it is of
interest to know
E(C1;C2) = sup{|1 · 2| : (k; i)∈Ci and k a knot}:
We will consider here, as in [14], the class C (resp. F) of closed 3-manifolds with cyclic (resp.
Dnite) fundamental group; also, we will consider the class F of 1-splittable closed 3-manifolds.
If k is a knot in S3, then (k; ) is 1-splittable i3 there is a 1-splitting surface F in Ek such that
 is isotopic to a component of @F .
By the following proposition E(F;C)6 3 and E(F;F)6 5.
Proposition 30. Let Ek be the exterior of a knot k in S3. Suppose Ek has a 1-splitting surface F ,
f is a component of @F and  is a curve in @Ek .
(i) If (k; )∈C then 16 |f · |6 3.
(ii) If (k; )∈F then 16 |f · |6 5.
Proof. There is an epimorphism ’ : 1Ek  A ∗ B whose kernel is the normal closure of the image
of 1F → 1Ek . In particular ’(f) = 1 where f is a component of @F . Let w = ’(f⊥) where f⊥
is a curve with f · f⊥ = 1. Then if  is a curve in @Ek , ’() = w±·f.
(i) One has an epimorphism, induced by ’,
1Ek
〈〈〉〉 
A ∗ B
〈〈wf·〉〉
and so G = A ∗ B=〈〈wf·〉〉 is cyclic. Hence we must have 16 |f · |. Suppose e = |f · |¿ 3. By
[18, Theorem A] and [19, Theorem A], A and B embed in G and are therefore cyclic of orders
p and q with p¿ 1 and q¿ 1. Also (p; q) = 1. Now, ’ induces an epimorphism from H1(Ek)
(which is Z) onto H1(A ∗B). Since G is Dnite we have [1, Theorem B] 1p + 1q + 1e ¿ 1 and therefore
A∗B ≈ Z2 ∗Z3. However Z2 ∗Z3=〈〈we〉〉 is not cyclic [1, Theorem A], a contradiction. Hence e6 3.
(ii) Again one has an epimorphism, induced by ’,
1Ek
〈〈〉〉 
A ∗ B
〈〈we〉〉 ;
where e = |f · |. As before 16 e. We assume e¿ 5 and will obtain a contradiction. By [18] A
and B embed in A ∗ B=〈〈we〉〉 and are therefore quotients of a Dnite 3-manifold group. Let Aˆ (resp.
Bˆ) be a simple nontrivial quotient of A (resp. B). The only nonsolvable Dnite 3-manifold groups are
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Zm× I(120) with (m; 30)=1 [26], where I(120) is the binary icosahedral group, which implies that
Aˆ and Bˆ must be cyclic of prime order or the alternating group A5.
We have an epimorphism
A ∗ B
〈〈we〉〉 
Aˆ ∗ Bˆ
〈〈wˆe〉〉 ;
where wˆ is the image of w under the natural epimorphism
A ∗ B Aˆ ∗ Bˆ:
Write G = Aˆ ∗ Bˆ=〈〈wˆe〉〉. By [18, Theorem A] and Corollary of [18, Theorem 4.1] we have:
(a) Aˆ and Bˆ embed in G and
(b) the element of G represented by wˆ has order e¿ 5. This element is not conjugate to an element
of length one because A ∗ B=〈〈w〉〉= 1.
Case 1: Aˆ=Zp and Bˆ=Zq. We have p 	= q since Aˆ ∗ Bˆ must have cyclic abelianization as H1Ek
is cyclic. Since
1
p
+
1
q
+
1
e
6 1
and wˆ is not conjugate to an element of length one, G is inDnite by [1, Theorem B] which is
impossible.
Case 2: Aˆ=A5 and Bˆ=A5. Then G is a perfect quotient of a Dnite 3-manifold group and contains a
subgroup isomorphic to A5. Hence G ≈ A5 and has no elements of order greater than 5, contradicting
(b).
Case 3: Aˆ=A5 and Bˆ=Zp, p6 5. Then G is a nonsolvable quotient of a Dnite 3-manifold group
containing a subgroup isomorphic to A5 and we have G ≈ A5 × Zm with (m; 30) = 1. Since G is a
homomorphic image of A5 ∗Zp and Zm has no elements of order p we have m=1. But then again
G has no elements of order greater than 5, contradicting (b).
Case 4: Aˆ= A5 and Bˆ= Zp, p¿ 5. Again G = A5 × Zm and we must have m= p.
Following [18] we say that wˆ is exceptional if it is conjugate to an element of the form xuy−1u−1
with u∈ Aˆ ∗ Bˆ and x and y are elements of Aˆ ∪ Bˆ of orders r and s with 1r + 1s + 1e ¿ 1. As e¿ 5
we must have r = s= 2.
Suppose Drst that wˆ is not exceptional. Then by [18, Corollary D] there is an isomorphism
H3(Aˆ)⊕ H3(Bˆ)⊕ H3(Ze) → H3(G):
This is impossible because H3(Ze) ≈ Ze and, by Kunneth’s formula,
H3(G) ≈ H3(Aˆ)⊕ H3(Bˆ):
Finally if wˆ is exceptional, then by the proof of Theorem E in [18] G contains the dihedral group
T (r; s; e) = (x; z : x2 = z2 = (xz)e = 1). But the elements of order two in G = A5 × Zp are contained
in the factor A5 and so the element xz belongs to A5 and has order e, which is impossible.
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